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5.2. Solution. For any x =
∞∑
k=1

xkek, y =
∞∑
k=1

ykek ∈ X, ∀a, b ∈ R, we have

ax+ by = a

∞∑
k=1

xkek + b

∞∑
k=1

ykek =
∞∑
k=1

(axk + byk)ek

and therefore

f(ax+ by) = axk + byk = af(x) + bf(y).

We conclude that f : x 7→ xk is linear for every k ∈ N.
5.9. Solution. For any f ∈ X∗, f 6= 0 we have |f(x)| ≤ ‖f‖‖x‖ and hence

sup

{
|f(x)|
‖f‖

: f ∈ X∗, f 6= 0

}
≤ ‖x‖.

On the other hand, there exists a bounded linear functional f on X such that

‖f̃‖ = 1, f̃(x) = ‖x‖.

Therefore,

sup

{
|f(x)|
‖f‖

: f ∈ X∗, f 6= 0

}
≥ |f̃(x)|
‖f̃‖

=
‖x‖
1

= ‖x‖

and consequently sup

{
|f(x)|
‖f‖

: f ∈ X∗, f 6= 0

}
= ‖x‖.

5.30. Solution.

(a) It’s clear that δ is linear. |δ(x)| = |x(0)| ≤
∑

0≤x≤1

|x(t)| = ‖x‖. Therefore, δ is bounded and

‖δ‖ ≤ 1.

Take x(t) ≡ 1 and we have

|δ(x)| = 1 ≤ ‖δ‖‖x‖ = ‖δ‖ =⇒ ‖δ‖ ≥ 1.

We conclude that ‖δ‖ = 1.

(b) Take xn(t) =


2n− 2n2t, 0 ≤ t ≤ 1

n

0,
1

n
< t ≤ 1

. Then we have δ(x) = x(0) = 2n and

‖x‖ =
∫ 1

0

|x(t) dt =
∫ 1

n

0

(2n− 2n2t) dt = 1.

Therefore, |δ(x)| = 2n ≤ ‖δ‖‖x‖ = ‖δ‖ =⇒ ‖δ‖ ≥ 2n and thus δ is unbounded.


